INTRODUCTION
Let A be a commutative ring and let N be an A-module. If one tries to generalize the notion of a prime ideal from A to N, one is led to the following DEFINITION. A submodule M ; N, M / N, is said to be prime if for Ž . Ž every a g A, the homothety h : NrM ª NrM, h n s a и n n being the a a . coset of n g N , is either injective or null. This paper explores some basic facts of this class of submodules. In Section 1, to each prime submodule M ; N, we associate a prime ideal ᒍ M of A and, conversely, if A is a domain and N is a torsion-free finitely generated A-module, to each prime ideal ᒍ g Spec A we associate a Ž . prime submodule N ᒍ ; N, called the minimal submodule associated to ᒍ. This allows us to associate a chain of prime submodules of N of the same length to each chain of prime ideals of A. In Section 2 we deal with a class of particularly simple prime submodules, the so-called 0-submodules of a module over a domain. We prove that rank-1 0-submodules of a free module of finite rank over a regular local ring O are free and we characterize reflexive modules over a Noetherian local ring O as the 0-submodules of free O-modules of finite rank. We then show how these submodules may be used in characterizing vector bundles of rank r y 1, generated by r elements over the punctured spectrum and also in constructing the tangent bundle, the Tango bundle, and others. In Section 3 w we introduce the notion of prime dimension of a module N denoted by Ž .x D N , defined as the maximum length of the chains of prime submodules of N, and we obtain two lower bounds for the prime dimension; namely, Ž . We then apply these results to obtain a characterization of direct summands in terms of prime submodules. We also obtain a characterization of finitely generated O-modules M over a regular local ring O, satisfying Serre's S condition by means of the descent invariant; namely, n M satisfies the S condition if and only if, for every ᒍ g Spec A, ht ᒍ G n, n Ž . we have ␦ M G n y 1. The first part of Section 5 deals with the problem ᒍ of characterizing finitely generated reflexive modules over a Noetherian local domain as the images of the homomorphisms between free O-modules of finite rank whose matrix satisfies a certain condition. The second part of that section then characterizes finitely generated modules over a regular local ring, which are k-syzygies. Finally, in Section 6 we prove that w x a torsion-free finitely generated k T , T -module becomes locally free 1 2 after a finite sequence of suitable monoidal transformations and by using Roberts' multiplicity we then apply this result to associate a canonically w x defined diagram to each k T , T -module of finite length, which is similar 1 2 to the diagram associated with a singular point of an algebraic curve in the theory of equisingularity. Some examples are also considered. Ž . Proof. i As ᒍ is prime, it is clear that N ᒍ is a submodule. We first Ž . prove that N ᒍ / N. Let n , . . . , n be a system of generators of N. If
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that for every i s 1, . . . , k, we have a n s Ý k b n or, equivalently,
b y␦ a n s 0. Hence ⌬ и n s 0, where ⌬ s det b y ␦ a , and
since N is torsion-free this implies ⌬ s 0, thus contradicting the fact that
Ž . exists n g N, n f N ᒍ , such that b и n g N ᒍ , and this means that for
Hence n g N ᒍ , thus leading us to a contradiction.
Ž . Ž . ii Assume n g N ᒍ . There exists a f ᒍ, such that a и n g ᒍ N, and the result follows from Corollary 1.3 and Proposition 1.2. Ž . since ᒎ N : N ᒎ . Let : N ª N be the canonical projection. Letting 
where Q is torsion-free. Taking cohomology with supports in a point i Ž .
w x depth M G 2, and from 3, 1.3 , it follows that M is reflexive and since it ᒍ w x is a rank-1 module, it is also free 3, 1.9 . 
i There is a bijection between torsion-free¨ector bundles of rank r y 1 generated by r elements o¨er the punctured spectrum of O, and ᒊ-primary ideals generated by r elements.
Ž .
ii There is a bijection between reflexi¨e¨ector bundles of rank r y 1 generated by r elements o¨er the punctured spectrum of O, and 1 y ᒊ-primary ideals generated by r elements.
Proof. Let N be a vector bundle satisfying the properties of the Ž . statement. We thus have an exact sequence of O-modules: E 0 ª M ª F ª N ª 0, where F is a free O-module of rank r, and hence M is a 0-submodule of rank 1. From Theorem 2.3 it follows that M is free, say Ž . Ž . M s m . Let e , . . . , e be a basis for F, so that m s a e q иии qa e . 1 r 1 1 r r Ž . We set ᒎ s a , . . . , a , and let ᒍ g Spec A be a prime ideal such that
Nakayama's lemma, we thus conclude that at least one of the elements a , . . . , a is invertible in A , and hence ᒊ is the only prime ideal of O 1 r ᒍ such that ᒎ : ᒊ, and consequently ᒎ is ᒊ-primary. Furthermore, we shall Ž . q иии qa e , and the exact sequence E as above.
hence M is a direct summand of F , and accordingly N is a free gent bundle and the bundles of Tango, Trautman, and Vetter and Hor-Ž w x . rocks and Mumford cf. 2, 6.10 and Appendix . For the tangent bundle it follows from the very definition. In fact, the tangent bundle M corresponds to the maximal ideal by means of the sequence
be the exact sequence giving rise to the Tango bundle, being the w x homomorphism defined in 2, p. 114 . Then, N s Im is one of the modules described in the above theorem.
In Section 5 we shall also need the following property of 0-submodules: 
Ž . EXAMPLES 3.2. i The prime dimension of A considered as an A-module coincides with its
iii Let A be a principal domain that is not a field and let F be a free Ž . Ž . A-module of finite rank. It follows from Example 1.4 iv that D F s rk F. w x EXAMPLE 3.3. Let A s k t , t be the ring of polynomials in two 1 2 Ž . variables with coefficients in the algebraically closed field k, let O, ᒊ be 2 3 Ž . the local ring at the origin of the curve t y t s 0, and let e , e be a Ž . basis of a free O-module F of rank 2. We shall prove: D F G 3. Let us Ž . denote the images of t , t in O by x, y, respectively, so that ᒊ s x, y , 1 2 and let us consider the element m s xe q ye . It is not difficult to see 1 2 that m is contained in a unique rank-1 0-submodule of F, which we shall denote by I. First we prove I ; ᒊ F. Assume n g I, n f ᒊ F. Hence if n s ␣ e q ␤ e , either ␣ or ␤ does not belong to ᒊ. We can assume 1 2 ␣fᒊ , and accordingly ␣ is invertible; hence substituting ␣ y1 n for n, we can assume n s e q ␤ e , and since there exist , g O, such that 1 2 ms n , we obtain x s , y s ␤; hence y s ␤ x, thus showing that ᒊ is principal. This is absurd because O is singular and consequently it Ž . proves our claim. Then we have a chain of strict inclusions, 0 ; I ; ᒊ I Ž . ; ᒊF,e . it is not difficult to see that N admits the chain of strict inclusions Ž . Ž . of prime submodules ᒊ N ; ᒊ N, n ; ᒊ N, n , n ; иии ; Ž . see that N s 5. We prove the following two facts:
Ž . 1 rk Ns2, N is torsion-free, and it is free over the punctured spectrum.
Ž .
Ž . Hence it will follow that D N ) dim S N . fact 1, it is proved that NЈ is free over the punctured spectrum of OЈ and by using local cohomology one then concludes that NЈ is a torsion-free OЈ-module. Finally, we have the following chain of strict inclusions of Ž . Ž . Ž . prime submodules of N, 0 ; x q y q z N ; ᒊ N ; ᒊ N, n ; 
1 Let ᒍ g Spec O be a prime ideal such that ᒍ / ᒊ. Then at least oneŽ . ᒊ in the above exact sequence and taking into account that H K s0, ᒊ 0 Ž . since K is free, we obtain H N s 0. From the above discussion we thus ᒊ Ž . Ž . conclude, 5 s N s dim O q rk N; hence dim S N s 5. Ž . Ž . 2 First, we remark that x q y q z N is a prime submodule of N. In Ž . Ž . Ž fact, by setting OЈ s Or x q y q z , ᒊЈ s ᒊr x q y q z , FЈ s Fr x q . Ž . w Ž .x yqz F, KЈ s Kr x q y q z K so that ᒊЈ s xЈ, yЈ , and taking into account that N is free for ᒍ / ᒊ, we conclude that, also considered as an
Ž
. Ž . Ž . Ž . ᒊN ,n,n ; ᒊN ,n,n,n ; ᒊN ,n,n,n,n ; hence D N G 6. 
Ž . Ž . PROPOSITION 4.2. i If N is a finitely generated A-module, then ␦
N / dim A y 1. Ž . Ž . Ä Ž . Ž .4 Ž . ii ␦ N [ N s min ␦ N , ␦ N . In particular, ␦ N is in¨ariant 1 2 1 2
Ž . under free direct summands; i.e., if F is a free A-module, then
␦ N [ F s Ž . ␦ N .
Ž .

Proof. i If ᒊ is a maximal ideal of A such that N / ᒊ N, it is
Ž . obvious that Nrᒊ N is a torsion-free Arᒊ-module. Part ii is immediate. GraG ª 0. Therefore, NraN is a torsion-free module over the Ž . Cohen᎐Macaulay domain Ar a , and taking into account that in A every Ž . prime ideal of height 1 is principal, we obtain ␦ N G 1. Conversely, Ž . assume ␦ N G 1. Let ᒍ be a prime ideal of A of height G 2, i.e., Ž . dim A G 2, and let a g ᒍ be an irreducible element. Since ␦ N G 1,
NraN is a torsion-free Ar a -module. Hence N raN is a torsion-free ᒍ ᒍ
Ž .
A r a -module; we thus have depth N G 2 and we also know that N is ᒍ ᒍ w x torsion-free. From 2, 1.3 it now follows that N is reflexive. Ž . s 1, and taking ᒍ s 0 , we conclude that Q is a torsion-free O-module.
PROPOSITION 4.5. Let O be a regular local ring and let N be a finitely
Ž . Moreover if ht ᒍ s 1, from Fr G q ᒍ F ( QrᒍQ, we conclude that QrᒍQ is a torsion-free Orᒍ-module. Let ᒎ be a prime ideal of height Ž . G 2 and let a g ᒎ be an irreducible element such that ᒍ s a ; ᒎ is a prime ideal of height 1. Taking b g ᒎ, b f ᒍ, it is not difficult to see that Ž . a, b is a regular sequence for Q; hence depth Q G 2 and therefore Q is ᒎ Ž w x. w x reflexive see, e.g., 1 , and since Q is of rank 1, we also have Q free 3 . Accordingly G [ Q ( F and G is free.
THEOREM 4.8. Let O be a d-dimensional regular local ring and let M be a finitely generated O-module satisfying the S condition; i.e., depth M
w x Moreover, from 2, 3.8 , M is a k-syzygy and there exists a minimal free resolution of the form
which can be broken down into k short exact sequences as follows:
Tensoring the above last k y 1 short sequences by Orᒍ, we obtain
Ž . Ž . and tensoring R by N , we conclude that Tor N , Orᒍ s 0, since
Hence we obtain an injection of Orᒍ-modules, Mrᒍ MF X rᒍ F X , thus proving that Mrᒍ M is a torsion-free Orᒍ-module and, 
Ž . Proof. i As is well known, O is an n-dimensional regular local ring
ᒍ and by virtue of the hypothesis from Proposition 4.5 we conclude that depth M s n. Hence, proj dim M s 0.
Ž .
ii For every ᒍ g Spec O, with ht ᒍ s n y 1, there exists ᒎ g Spec O, with ht ᒎ s n, such that ᒍ ; ᒎ, and since M is a free O -module, it 
Ž . iv If M is free o¨er the punctured spectrum of O, then depth
Ž . w x w Proof. i , ii , and iii follow from the above theorem and 2, 3.8 , 2, x w x Ž . Ž . 3.11 , and 2, 3.16 , respectively. As for iv , set n s ␦ M q 1. As we have w x seen, M satisfies the S condition and by applying 2, 6.5 the result n follows. phism F ª M, where F is a free O-module of finite rank, we can define 2 2 f : F ª F as being the composite F ª M ª F . We shall prove that f is 2.4, in order to prove that M is reflexive we only need to show that M is a 0-submodule of F . Let K be the field of fractions of O and let l: Proof. Set M s Coker , so that we have an exact sequence F ª F 1 0 ªMª0. From Proposition 5.5 we know that M is a k-syzygy; hence Ž . w x Im is a k q 1 -syzygy and as the rank of A is F k, from 2, 3.16 we conclude that Im is free. 
